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Abstract. We show that the bicategory of (representable) orbifolds and good 
maps is equivalent to the bicategory of orbifold translation groupoids and 
generalized equivariant maps, giving a mechanism for transferring results from 
equivariant homotopy theory to the orbifold category. As an application, we 
use this result to define orbifold versions of a couple of equivariant cohomology 
theories: if-theory and Bredon cohomology for certain coefficient diagrams. 



1. Introduction 

Spaces with symmetries arise naturally in many contexts, and have been studied 
from various points of view. Equivariant homotopy theory uses the tools of alge- 
braic topology to study the category G-spaces, consisting of spaces with an action 
of the group G and equivariant maps between them. Much of ordinary homotopy 
theory can be adapted and extended to this setting, although there are some im- 
portant differences; see for an overview of this theory. From another point 
of view, there has been much recent interest in the study of orbifolds, which are 
something like manifolds but whose local structure is a quotient of an open subset 
of a Euclidean space by a finite group action ( [5T] ; also pQ [H [TO] ) . Although many 
of the basic geometric structures are the same in both cases, the techniques of these 
two approaches have been rather different. 

The goal of this paper is to provide a way of moving between these points of view. 
One way to obtain an orbifold is to look at the action of a compact Lie group acting 
on a manifold with finite stabilizers. In fact, a large class (perhaps all) of orbifolds 
can be described in this way [8] , although this description is not unique for a given 
orbifold. Orbifolds that can be described this way are called representable. We can 
try to import equivariant invariants for these representable orbifolds. In order to 
make this work, however, there are a couple of issues that need to be overcome. 
The first is the fact that the representation is not unique, and so in order to get 
invariants of the orbifold structure and not the particular representation, it needs to 
be checked that we get the same result for every representation. The second, related, 
issue is that equivariant invariants are not defined for non-equivariant descriptions 
of an orbifold; and some orbifold maps may only be defined by using an alternate 
(potentially non-equivariant) description of the orbifold. Thus we are faced with the 
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possibility that a map between representable orbifolds may need to factor through 
an orbifold which does not come from a global group action, making it impossible 
to turn an equivariant invariant into a functor for the orbifold category. 

In this paper, we prove that it is possible to represent every map between repre- 
sentable orbifolds as an equivariant map, allowing us to define equivariant invariants 
which are functorial for orbifold maps. We also develop an explicit description of 
the non-uniqueness in the representation, making it practical to check which equi- 
variant invariants will give orbifold invariants. 

This non-uniqueness can be expressed in terms of Morita equivalences, generated 
by essential equivalences. These equivariant Morita equivalences are all composi- 
tions of certain specific forms of maps, and they satisfy the properties to allow us 
to form a bicategory of fractions 

0rbif0ldSeqvar(W^~') 

where the Morita equivalences have become honest (internal) equivalences. This 
same type of non-uniqueness is also present in the description of an orbifold in 
terms of an atlas of orbifold charts, and the category of orbifolds and good maps 
(or generalized maps) is the bicategory of fractions 

0rbif0ldSatlas(W^~') 

of the category of orbifolds and atlas maps where the elements of the class W of 
essential equivalences have been 'inverted' to become equivalences. We show that 
there is an equivalence of bicategories for representable orbifolds, 

Rep0rbifolds,q,3,(W^-i) Rep0rbifolds3^,3,(W^-i). 

Thus we have a more precise understanding of the relationship between the equi- 
variant theory of the categories of G-spaces for various groups G, and the category 
of orbifolds; this makes it possible to translate results between these settings, and 
develop equivariant homotopy theory for orbifolds. 

To demonstrate how this point of view can be applied, we show how the rela- 
tionship between representable orbifolds and translation groupoids can be used to 
import G-equivariant cohomology theories to orbifolds; we discuss two such theo- 
ries. The first is topological A'-theory, defined using G-equivariant vector bundles; 
we show that this is in fact a well-defined cohomology theory on orbifolds. This 
has been looked at in various other ways. Moerdijk [13] has shown that over the 
ring C of complex numbers, this can also be obtained as the equivariant sheaf co- 
homology of the inertia groupoid A(G) with values in the constant sheaf C, and 
hence to prove that over C, we get an orbifold cohomology theory. This approach 
could potentially be extended to other coefficient systems by choosing the appro- 
priate A(G) sheaves, since there is a Leray spectral sequence relating the AT-theory 
to the sheaf cohomology (via Bredon cohomology for certain coefficients). In [5], 
Adem and Ruan take an alternate approach and use K-theory techniques to get an 
orbifold invariant over the rationals Q. Our approach provides a more direct proof 
than either of these. 

The second type of equivariant cohomology theories we consider are those de- 
fined by Bredon [3] with constant coefficients (coefficients which do not depend on 
the space, only on the group G and its orbit category). These Bredon cohomology 
theories are defined for coefficients given by diagrams of Abelian groups. We use 
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our results to identify which of these coefficient diagrams actually give orbifold in- 
variants, rather than depending on the equivariant representation used. For these 
diagrams, we show that it is possible to define a notion of Bredon cohomology 
for reprcscntable orbifolds, depending only on the orbifold and not its equivariant 
presentation. Specifically, we describe a relation on these orbifold coefficient sys- 
tems such that if a G-space X and an H-sp&cc Y describe the same orbifold and 
A is a coefficient system on the orbit category of G, then there is a corresponding 
coefficient system on the orbit category of H which gives the same cohomology 
groups. 

A related result was presented in Honkasalo's paper [7|. For a G-space X with a 
coefficient system A, Honkasalo constructs a sheaf S{A) on the orbit space X/ G such 
that the G-equivariant cohomology on X with coefficients in A is isomorphic to the 
sheaf cohomology of the orbit space X/G with coefficients in S{A). When applied 
to a reprcscntable orbifold, considered as a G-space, it gives a relationship between 
the equivariant Bredon cohomology and the sheaf cohomology of the underlying 
quotient space. This provides a nice alternative definition of these cohomology 
groups. However, we should be careful not to read too much into this description. 
For example, it does not imply that the Bredon cohomology is an invariant of 
the quotient space. The same topological space could be obtained as a different 
quotient Y/ H and there would not necessarily be an H-coefficient system that would 
give rise to the same sheaf. For similar reasons, Honkasalo's construction does not 
automatically give us an orbifold invariant (U docs not consider this question). 
A sheaf which corresponds to a coefficient system for one representation does not 
need to correspond to a coefficient system in another representation, as shown in 
Example 15.31 

Our approach gives a clearer idea of the relationship between the equivariant and 
orbifold phenomena, and is a blueprint for future applications of creating orbifold 
invariants out of equivariant ones. In a forthcoming paper wc will construct an orb- 
ifold version of the equivariant fundamental groupoid; this is a category which has 
proved very useful in a variety of places in equivariant homotopy theory, including 
defining Bredon cohomology for twisted coefficients, obstruction theory and study- 
ing equivariant orientations. We believe that this can be used to get analogous 
results for orbifolds, and perhaps lead to a characterization of the homotopy of the 
orbifold category. 

The organization of the paper is as follows. Section [2] gives an overview of the 
theory of orbifolds and how they are represented by groupoids. Section [3] gives 
the statements of our comparison results. Section |4] gives the results on orbifold 
ii'-theory. and Section [5] contains the definitions of the Bredon cohomology for 
orbifolds. Sections [7] and [8] contain the deferred proofs of some of the earlier results; 
Section[6]contains supporting material for the proof of the main comparison theorem 
in Section [T] 

The authors thank Johann Leida for his stimulating conversations. Some of the 
questions that lead to this paper were inspired by his work on orbifold homotopy 
theory. We also thank leke Moerdijk for his encouragement and for making them 
aware of some of the earlier literature related to this work. Lastly, we thank Dev 
Sinha and the topologists at the University of Oregon for some helpful suggestions 
regarding equivariant X-theory. 
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2. Background: Orbifolds and Lie Groupoids 

The classical definition of orbifolds (or V-manifolds) as first given by Satake, and 
developed by Thurston and others, is a generalization of the definition of manifolds 
based on charts and atlases. The difference is that the local neighbourhoods are 
honieomorphic to U = U/G where G is a finite group acting on an open set U C M". 
An orbifold can then be defined as a paracompact Hausdorff space M together with 
an orbifold atlas, which is a locally compatible family of charts ([/, G) such that 
the sets U/G give a cover of M. The usual notion of equivalence of atlases through 
common refinement is used; details can be found in . Note that the original 

definition required that all group actions be effective, but it has been shown in recent 
papers (see for example, U or |10| ) that it is often useful to drop this requirement; 
we will not require that G acts effectively on U. 

Working with orbifold atlases is cumbersome, particularly when dealing with 
maps between orbifolds. Therefore an alternate way of representing orbifolds using 
groupoids has been developed. It was shown in [15] that every smooth orbifold can 
be represented by a Lie groupoid, which is determined up to essential equivalence. 
This way of representing orbifolds gives rise to a notion of orbifold map which works 
well for homotopy theory [T5]. These maps have also been called 'good' maps H] 
or generalized maps. This is the way we will approach the study of the orbifold 
category; below, we review some of the basic definitions. 

2.1. Lie Groupoids. A groupoid is a (small) category in which all arrows are 
invertiblc. We think of the objects of the category as representing points in a 
geometric object, and the arrows as representing identifications. In order to reflect 
this information, we need to have a geometric structure present on our category. 
Therefore we work with Lie (or smooth) groupoids. 

Definition 2.1. A (Hausdorff) Lie groupoid or smooth groupoid Q consists of 
smooth manifolds Go (the objects) and Gi (the arrows) together with the usual 
structure maps: source and target s,t: Gi — > Go, identity arrows determined by 
u: Go — > Gi; and composition to: Gi x^.Go,* C^i ^ Gi, all given by smooth maps, 
such that s (and therefore t) is a surjective submersion, and the usual diagrams 
commute (see, for example. Definition 4.1 in [10]). 

The following are examples of Lie groupoids: 

Examples 2.2. (1) Any manifold can be viewed as a Lie groupoid by taking 
Gi = Go = M, with only identity maps. 

(2) Any Lie group G is a Lie groupoid with a single point Gq = *, where 
composition of arrows is given by group multiplication. 

(3) Let G be a Lie group with a smooth left action on a manifold M. Then the 
translation groupoid G ix M is defined as follows. The objects are given by 
the manifold M itself, and the arrows are defined by G x M. The source of 
an arrow {g, x) is defined by s{g, x) = x, and the target by using the action 
of G on M, t{g, x) = gx. So {g, x) is an arrow x — )■ gx. The other structure 
maps are defined by the unit u{x) = {e,x), where e is the identity element 
in G, and {g',gx) o {g,x) = {g'g,x). 

Now we define a category of Lie groupoids. We use topologized versions of the 
usual category theory notions of functor and natural transformation; note that all 
maps are assumed to be smooth. 
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Definition 2.3. A homomorphism ip-.Q^T-L between Lie groupoids consists of 
a pair of maps lpq: Gn Hq and tpi: Gi — > Hi , which commute with all the 
structure maps. 

A natural transformation or 2-cell between homomorphisms of Lie groupoids 
a: if ^ ip: Q consists of a map a : Go ^> Hi such that s o a ~ Lp^, t o a — ipQ, 
and a is natural in the sense that the following diagram commutes: 

Gi ■ 5- Hi Xs,H(,,t Hi 

(aot.ipi) 

Hi XsMoJ Hi — Hi. 

The category LieGpd of Lie groupoids, homomorphisms, and natural transfor- 
mations forms a 2-category. 

2.2. Essential Equivalences. We are thinking of a groupoid as a representa- 
tion of its underlying quotient space, encoding this space and its singularity types. 
However, this representation is not unique; the same quotient structure can be 
represented by different groupoids. Therefore we need to introduce a notion of 
equivalence on the category of groupoids. 

Definition 2.4. A homomorphism ip: Q % between Lie groupoids is an essential 
equivalence when it satisfies the following two conditions. 

1. It is essentially surjective, i.e., the map 

to 772-. Go xho Hi Hq 

from the manifold Go x Hq Hi = {(x, h) \ (fioix) = t{h)} is a surjective submersion. 

2. It is fully faithful, i.e., the diagram 



Gi ^Hi 



Go X Go > Ho X Hq 

ipoXipo 

is a pullback of manifolds. 

Thus an essential equivalence is a smooth equivalence of categories. Two groupoids 
Q and H are essentially equivalent when there is a span of essential equivalences 

g ^ic^n 

between them. In order to show that this is in fact an equivalence relation, we use 
the notion of the (weak) fibre product of Lie groupoids. 

Definition 2.5. If 0: H ^ Q and ip: IC ^ Q are homomorphisms of Lie groupoids, 
the (weak) fibre product Ti, Xg K, (if it exists) is the following Lie groupoid. The 
space of objects is the fibered product of manifolds Hq Xq^ Gi Xgo Kq. So an 
object is a triple {y,g,z) where y € Hq, z € and g: (l>{y) ipiz) in Q. An 
arrow {y,g,z) —J- {y',g',z') consists of a pair {h,k) of arrows h: y ^ y' inH and 
k: z — !■ z' in /C such that g'4>{h) — Tjj(h)g. 

The fibre product introduced here has a 'weak' universal property of pullbacks 
for commuting diagrams of Lie groupoids and homomorphisms: the square is only 
required to commute up to an (invertible) 2-cell. 
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Note that although source and target maps s,t: Gi ^ Go are surjective sub- 
mersions, this does not imply that Hq XGq Gi XGq Ko is a manifold in general. 
The space Hq Xgo C!i is a manifold, but the map from this space into Go does not 
need to be transversal to the map from A'o into Go- However, if at least one of 
the groupoid maps is an essential equivalence, essential surjectivity gives that one 
of the maps involved in the last fibre product is again a submersion, so we obtain 
another manifold. 

It can also be shown that the fibre product of an essential equivalence along 
any homomorphism is again an essential equivalence |12j ; thus any zig-zag of essen- 
tial equivalences may be shortened by taking a fibre product, and so by repeated 
shortening, replaced by a single span as above. 

The class W of essential equivalences between Lie groupoids also satisfies the 
axioms needed to form a bicategory in which the essential equivalences have been 
inverted }20j . In fact, the argument given for etale groupoids in |20] works for Lie 
groupoids as well. So we can form the bicategory of fractions LieGpd(W^~^) as 
follows. The objects are the Lie groupoids as usual, but a morphism ^ — >■ H is a 
span of homomorphisms 



where w is an essential equivalence. Such morphisms are also called generalized 
maps. Thus we are allowed to replace the source groupoid G with an essentially 
equivalent groupoid IC in defining our maps. 

We define the composition of spans using the fibre product construction. In 
showing that this fibre product gives a span of the right form, and so another 
generalized map, the key point is again that the pullback of an essential equivalence 
along any homomorphism is an essential equivalence. 

A 2-cell {(p,uj) =^ {ip',uj') in this bicategory is an equivalence class of diagrams 
of the form 

/C 



g c n 




K.' 

where uj o i/ and a;' o v' are essential equivalences. Note that since the essential 
equivalences satisfy a 2-for-3 property (see Section [51 Lemma [HT] for a proof), this 
is equivalent to requiring that ly and i^' be essential equivalences. 

Given an orbifold A4 with an orbifold atlas U, we can define its groupoid repre- 
sentation G{1^) as follows. The space of objects is the disjoint union of the charts. 

Go - UuU. 

The space of arrows is a quotient of the space 

n 

Ai : U^Vi 

where the disjoint union is over pairs of atlas embeddings of U into any charts. 
The equivalence relation on the space of arrows is generated by a notion of local 
equivalence of pairs of embeddings; the source and target maps on each copy of the 
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charts are defined by the first and the second embedding respectively. For further 
details, including the definition of composition, the reader is referred to [T9] . 

The local structure on these charts equips the resulting Lie groupoid with some 
special properties. In particular, a groupoid coming from an orbifold atlas will 
satisfy the following conditions: 

Definition 2.6. A Lie groupoid is: 

(1) etale if its source map is a local difFeomorphism: 

(2) proper if the map {s,t): Gi — >■ Go x Go is a proper map (i.e., it is closed 
with compact fibers). 

Note that if the source map is a local diffeomorphism, this implies that the target 
map is also. 

The notion of propcrncss is preserved under the essential equivalence relation, 
but the notion of being etale is not. This leads us to the following definition. 

Definition 2.7. An orbifold groupoid is a groupoid which is essentially equivalent 
to a proper ctalc Lie groupoid. 

The construction outlined above shows that any orbifold can be represented by 
an orbifold groupoid. Conversely, given an orbifold groupoid Q, its orbit space can 
be given the structure of an orbifold [15] . Therefore we consider such groupoids to 
be the orbifolds they represent. So Orbifolds is the bicategory of orbifold groupoids 
with generalized maps as morphisms, and equivalence classes of diagrams such as 
described above as 2-cells. 

3. Statement of Results: 
Representing Orbifolds by Translation Groupoids 

In order to make a bridge between orbifolds and equivariant homotopy theory, 
we are interested in representing orbifolds by a particular type of Lie groupoid: the 
translation groupoids G k M coming from the action of a Lie group G on a man- 
ifold M, described in Example 12.21 part (3). It turns out that many, possibly all, 
orbifolds can be represented this way. Satake showed that every effective orbifold 
can be obtained as a quotient of a manifold by the action of a (not necessarily 
finite) compact Lie group acting with finite isotropy |22j . Unfortunately, his proof 
does not go through for non-effective orbifolds. However, a partial result was ob- 
tained by Henriques and Metzler [8]; their Corollary 5.6 shows that all orbifolds for 
which all the ineffective isotropy groups have trivial centers are representable. It is 
conjectured that all orbifolds are representable, but this has not been proven. 

For the remainder of this paper, we restrict our attention to those orbifolds that 
arc representable, so that we can work with their translation groupoids. In this 
section, we give the statements of our results showing that we can form a bicategory 
of representable orbifolds using only translation groupoids and equivariant maps. 
The proofs of these statements are generally constructive and sometimes rather 
long, and so we will defer many of them until Sections [7] and [8l 

Definition 3.1. An equivariant map GkX — ^ HkY between translation groupoids 
consists of a pair (<p, /), where ip: G — ^ i? is a group homomorphism and f : X ^ Y 
is a (p-equivariant smooth map, i.e., ,f{gx) = ip{g)f{x) for g € G and x € X. 

We will denote the 2-catcgory of smooth translation groupoids and equivariant 
maps by EqTrGpd. 
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In order to represent orbifolds by objects in this category, we need to identify 
essentially equivalent groupoids as before. So we want to invert the essential equiv- 
alences in EqTrGpd, and show that wc can form a bicatcgory by defining maps using 
spans as in the previous section. Again, the key to making this process work is the 
fact that wc can form the fibre product of translation groupoids and get another 
translation groupoid, in such a way that the puUback of an essential equivalence 
along an equivariant map is another essential equivalence. 

Lemma 3.2. In a fibre product of Lie groupoids 



■G tK X 



H kY ■ 



■ic, 



the groupoid V is again a translation groupoid. Moreover, its structure group is 
G X H , and C. and ^ are equivariant maps, where the group homomorphisms are the 
appropriate projections. 

The proof examines the explicit construction of V to verify the claims about it, 
and is given in Section [H 

Corollary 3.3. For every pair of equivariant maps 

H kY- — K Z-i — -Gk X 

where {')p,w) is an essential equivalence, there is a commutative square 



L X P- — X X 



H kY ■ 



iv.f) 



K tK Z 



where v) is an essential equivalence. 

Proof. Wc combine the result from [12j that the fibre product of an essential equiv- 
alence is again an essential equivalence with Lemma 13. 2| to show that the usual 
puUback essential equivalence is again in the 2-category EqTrGpd. □ 



Thus, we can again replace any zig-zag of essential equivalences with a single 
span; and also define the composition of spans, which is unitary and associative up 
to coherent isomorphisms. Finally, it is straightforward to adjust the proof that 
the class W of general essential equivalences satisfies the conditions to admit a 
bicategory of fractions LieGpd(Ty~^), to show that the class of equivariant essential 
equivalences, which we will again call W, gives rise to a well-defined bicategory 
EqTrGpd(M^-i). 

Now we want to show that for rcprcscntablc orbifolds, restricting to the equi- 
variant maps of the category EqTrGpd {W~^) docs not lose important information; 
that is, EqTrGpd is equivalent to the bicategory LieGpdy^(W^~^), the full 

sub-bicategory of LieGpd {W~^) on translation groupoids. 
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Theorem 3.4. The inclusion functor EqTrGpd ^ LieGpdj^ induces an equivalence 
of bicategories 

when restricted to orbifold groupoids. 

The proof involves replacing generalized maps and 2-cells by equivariant ones be- 
tween translation groupoids, in such a way that this induces the desired equivalence 
of bicategories. For instance, for a generalized map GkX^/C— >-ffixF between 
orbifold translation groupoids, we construct an isomorphic span of equivariant maps 

GkX K X Z -—i- H kY. 

To construct K k Z (and also the corresponding replacements for the 2-cells), we 
make use of an alternate way of describing maps between orbifold Lie groupoids, 
based on groupoid bundles, developed by Hilsum and Skandalis [H]- Some back- 
ground on Hilsum-Skandalis maps is given in Section [SJ and Section [7] gives the 
proof of Theorem 13.41 

Thus we can work with just the equivariant maps between translation groupoids, 
with the equivariant essential equivalences inverted. There are a couple of obvious 
forms of equivariant maps which are essential equivalences: if we have a G-space 
X such that a normal subgroup K of G acts freely on X, then it is easy to see that 
the quotient map 

(1) G tx X ^ G/K X X/K, 

is an essential equivalence. Similarly, for any (not necessarily normal) subgroup 
K of a group H and iC-space Z, we can induce up to get an 7?-space H Xx Z = 
G X Z/ r^, where [hk, z] ~ [h, kz] for any k € K. Then the inclusion Z ^ H Xj^ Z 
defined by z — >■ [e,z] gives an essential equivalence 

(2) K X Z ^ H X {H Xk Z), 

It turns out that these are the only forms of equivariant weak equivalences we 
need to deal with, since they generate all other equivariant essential equivalences. 

Proposition 3.5. Any equivariant essential equivalence is a composite of maps of 
the forms (Qp and (0) described above. 

We defer the proof until Section [S] 

Thus we have an explicit description for the weak equivalences in EqTrGpd(T4^~^). 

4. Orbifold K-Theory 

One example of an equivariant cohomology theory that has been extensively 
studied is equivariant K-theory; see [231 [11] for an introduction to this theory. This 
is defined geometrically using G-equivariant vector bundles for compact Lie groups 
G, and has many applications. Elementary properties of these equivariant vector 
bundles can be combined with our results on representation of orbifolds to give an 
easy proof that i^-thcory is actually an orbifold invariant. This result has been 
proved by Adem and Ruan in [5] over the rationals and Moerdijk |13| over the 
complex numbers by various other approaches, as discussed in the introduction. 

We briefiy recall the definition of equivariant if-theory for a compact Lie group 
G. A G-vector bundle over a G-space X is a vector bundle : E ^ X such that 
the total space E also has a G-action making the projection map an equivariant 
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map, and such that G acts hnearly on fibres ^~^{x) — !• £,^^{gx). For a compact 
space X, the equivariant /C-theory Kg{X) is defined as the Grothendieck group of 
finite dimensional G- vector bundles over X . Tensor product makes this into a ring. 

We can extend this to a cohomology theory on G-spaces as follows. We can 
define a reduced version of the ii'-theory group for spaces with a G-fixed basepoint 
by Kg{X) — ]ict[{Kg{X) — >• Kg{*)] (for unbased spaces, we adjoin a disjoint 
fixed basepoint); then equivariant Bott periodicity holds for Kg- with complex 
coefficients, Kg{X+) 2± Kg{S^ A X+) for a complex representation V; similarly 
for an 8-dimensional real representation. Thus we can define a cohomology theory 
by K2;{X) = Kg(^''X) [231 [11]. 

Proposition 4.1. Suppose X is an orbifold represented by a translation groupoid 
G X X . Then the equivariant K -theory group Kg{X) is independent of the repre- 
sentation. 

Proof. By Theorem l3.4l and Proposition [331 it is sufficient to check that the defini- 
tion is invariant under the two forms of changc-of-group essential equivalences ([1]) 
and ©. 

The geometric definition of the group Kg{X) makes it easy to see that if X is 
a free G-space, then the G-vector bundles correspond to ordinary vector bundles 
over the quotient space X/G. More generally, if H acts freely on X, then Kg{X) ~ 
Kg/h{X/H). Therefore this is invariant under quotient maps X X/H for free 
if-actions ([T]). Similarly, Kg{G x^j F) ~ Kh(Y), since any G-bundle over GxhY 
is determined by its underlying _ff -bundle over Y. Therefore this definition is also 
independent of the inclusion change-of-groups ([2]). 

Thus the group Kq is an orbifold invariant. For the general cohomology theory, 
we need only observe that S-^ A {G Xh X)+ is canonically isomorphic to 
G Xh {S^ a and hence the higher X-groups are also invariant under this 

equivariant change-of-groups. □ 

5. Orbifold Bredon Cohomology 

In this section, we use the results on representing orbifolds via equivariant spaces 
to develop a definition of Bredon cohomology for orbifolds. Throughout, we will 
again assume that all groups are compact Lie groups, and that all subgroups are 
closed. 

Bredon cohomology takes its inspiration from the idea that we should view a 
G-space as being described by the diagram of its fixed points {X^ \ hx ~ x, V h 
H} for the various subgroups H of G. The natural inclusions and G-action give 
morphisms between these sets. These can be organized by the orbit category Og, 
which has the canonical G-orbit types G/H as its objects, with all equivariant maps 
between them. These equivariant maps can be described concretely as composites 
of maps of the form G/H — > G/aHa~^ defined by gH — >■ gaH, and projection 
maps G/H ^ G/H' for H C H' . Since the fixed set X^ can also be described as 
the equivariant mapping space HomG{G / H, X) from the canonical orbit G/H, we 
immediately see that the fixed sets form a (contravariant) functor to the category 
of spaces ^X : 0°J Spaces defined by ^X{G/H) = X" . 

Many of the usual algebraic invariants of spaces can then be composed with 
the functor ^X to give diagrams of Abelian groups indexed by Og- Moreover, any 
homotopy invariants will result in diagrams indexed by the homotopy category /iOg, 
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which has homotopy classes of equi variant maps as its morphisms. Thus the home 
for many equivariant invariants is the category Ab'*'^^ of functors hO^" — ?► Ab, 
which wc call coefficient systems. 

The category of coefficient systems can be used to define a cohomology theory 
as follows. We have a chain complex of coefficient systems C_^,{X) defined by 

C^{X){G/H) - Cn{X"/WHo) 

where WHq is the identity component of the Weyl group NH/H. Then for any 
coefficient system A, the maps between diagrams C_^{X) and A are defined by the 
natural transformations, and these form an Abelian group 

Together these give a graded Abelian group C,*q {X\A). The boundaries on the 
chains in the fixed point spaces C_^^{X) induce a differential on this, and so we 
obtain a cochain complex C^q^(X; A). The Bredon cohomology of X is then the 
cohomology of this complex: 

H*a{X-A) = HloaiX^A) = H* (ClajX; A)) 

and this construction satisfies the axioms for an equivariant cohomology theory on 
G-S paces [J. 

We observe that for a given G-space X, although the Bredon cohomology is 
defined on diagrams indexed by all closed subgroups of G, it really only depends 
on isotropy subgroups of X. 

Proposition 5.1. Let hOa,x be the full subcategory of hOc on objects G/H such 
that H is an isotropy group of X . Then HhOa — ) ~ ^hOc x ^-^^ fx A) where 
rxA is the restriction of the diagram A to HOg.x- 

Proof. The chain complex C_^{X) is generated by cells of an equivariant G-CW de- 
composition of cells of X; such cells are of the form G/HxD"^ for some isotropy sub- 
group iJ, and contribute a summand G / H x'L to G„(X), where the diagram G/H is 
defined by G/H {G/L) = Tro{G/H)^. But tto{G/H)^ = HomhOaiG I L,G / H) and 
so a Yoneda argument shows that HomhOoi^/ ^ ^'^t A) = HomAti"^, A{G/ H)). So 
ffom/ic>^(G^(X), A) ~ Hom{Z,A{G/H)) where H runs through the isotropy 
groups of G. Because only isotropy groups are involved, this is exactly the same as 
HomhOa,xiC,{X),rxA). (SeeUM)- D 
Corollary 5.2. IfrxA = rxR then H*^JX,A) = H*^JX,B). 

Alternatively, this also follows from a result by Honkasalo [7], which describes 
the Bredon cohomology of a G-space X with coefficient system A as the sheaf 
cohomology of the orbit space X/G with coefficients in the sheaf S{A) with stalks 
S{A)x — A{G/Gx). Honkasalo's result suggests that for representable orbifolds, it 
may be possible to define Bredon cohomology as an orbifold invariant. However, it 
does not completely identify which coefficient systems will give an orbifold invariant 
as we will see below. 

Since representable orbifolds can be represented as translation groupoids, we can 
apply the above definitions to a particular translation groupoid representation of 
an orbifold, and obtain cohomology groups. In order to be a true orbifold invariant, 
however, we need to ensure that these groups do not depend on the representation, 
i.e., that the definition of orbifold Bredon cohomology sees only structure associated 
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to the orbifold, and not the particular translation groupoid representing it. The 
results of the previous section tell us exactly what is required to be an invariant 
of the orbifold: we need a definition that is invariant under the changc-of-group 
essential equivalences described in Proposition 13.51 In particular, if G k X and 
H K Y are two essentially equivalent orbifold translation groupoids, we need a 
correspondence between coefficient systems on hOc and hOn, which will give the 
same cohomology groups for X and Y respectively. 

We will see that this is not possible for all coefficient systems, because some 
coefficient systems give invariants that are not orbifold invariants. One way that 
the equivariant theory may distinguish finer information than that carried by the 
orbifold structure is to differentiate between (disjoint) fixed point sets which have 
isomorphic isotropy and in fact are part of the fixed point set of the same subgroup 
in some representations, as in the following example. 

Example 5.3. Let Q be the orbifold represented as the quotient of the circle 
by the action of D2 = Z/2 © Z/2 = (cti) © (o'2), where ci and a2 act by horizontal 
and vertical reflection respectively. The points with non-trivial isotropy groups 
are the north and south poles and the east and west poles, each with isotropy 
group Z/2. Then the subgroup generated by <7ia2 acts freely, so we can take the 
quotient to obtain a new representation for Q as / {gi<T2) = with an action 
of D2/{<Jio-2) — Z/2. In this case Z/2 acts by reflection with two flxcd points. 
In this second presentation, the subgroup fixing these points is the same, where 
there pre-imagcs in the first presentation had distinct isotropy subgroups (which 
were isomorphic, but not the same, or even conjugate, as subgroups of I?2)- So an 
orbifold coefHcient system cannot attach distinct Abclian groups to these subgroups. 

Given an orbifold X represented by a G-space X and a coefficient system 

A: hOa Ab, 

we want to construct coefficient systems 4'*-A: hOn Ab and ^*A: HOk Ab 
for all essential equivalences 4': G tK X ^ H ^Y and (f>: K ^ Z ^ Gk X,m such a 
way that the essential equivalences induce isomorphisms between the cohomology 
groups with coefficients in the corresponding coefficient systems. 

The example above shows that this is not always possible. However, we will show 
that the issue of taking a quotient by a freely acting subgroup, which was the cause 
of the problems in this example, is the only one we need to address. Moreover, it is 
always possible to determine from the given representation whether this issue will 
arise. So we can give a characterization of orbifold coefficient systems which only 
depends on the given representation. 

In general, the previous section shows that if if is a normal subgroup of G acting 
freely on X, then the G-spacc X is orbifold equivalent to the (G/A")-space X/K. 
Therefore we have to be careful when X has fixed sets and X^ associated 
to subgroups L and L' whose projections in G/K are the same. In this case, in 
the quotient space X/K these become part of the same fixed set (X/K)^^^^, and 
so an orbifold cohomology theory must treat these the same. Looked at another 
way, we must be able to deduce all the information contained in the orbifold Brc- 
don cohomology groups with coefficient in a system A on hOc from the Bredon 
cohomology of the quotient X/K defined with diagrams on HOq/k- 

Some of this happens automatically, as we observe from the following. 
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Lemma 5.4. Let X be a G-space, and K a normal subgroup of G which acts freely 
on X . If some point x G X is fixed by two subgroups L and L' of G with the same 
projection in G / K , then L = L' . 

Proof. Since L and L' have the same projection in G/K, then for any £' 6 L' we 
must have £' = £k for some k S K. Suppose that £x = x and £'x = x] so £kx = x. 
Then x = i^^x and thus kx = £^^x ^ x; so k must also fix x. Since K acts freely, 
we conclude that k = e and so L = L' . □ 

Thus, if X e X is a lift of a; G X/K which is fixed by L C G/K, there is a unique 
subgroup L C Gx lifting L; the equivariant Bredon cohomology does not have a 
chance to distinguish between different lifts of L at the point x, since there is a 
unique lift L such that x € X'^. 

In order to behave as an orbifold invariant, we also need the Bredon cohomology 
to treat all lifts xofx equally; again this follows from elementary group theory. Of 
course, if L is an isotropy subgroup of a point x, then the conjugates gLg^^ are 
isotropy subgroups of the points gx in the orbit; since conjugation is an isomorphism 
in hOc, the values of any coefficient system A are isomorphic at all conjugates: 
A{G/L) = A{G/ gLg^^). Moreover, we have the following result. 

Lemma 5.5. Suppose that K,H are subgroups of G such that K is normal and 
K D H ~ {e}. // the conjugation action by K fixes H , then in fact K acts trivially 
on H . 

Proof. Suppose k e K n NH; so khk^^ = h. Then kh = hk so khh~^ = hkh~^. 
But K is normal so hkh~^ ~ k. Then khh~^ = k and so hh~^ = k~^k is in 
KDH = {e}. So h = h. □ 

Thus, if K acts freely on a G-space X, and x G (X/K)'", then for any lifts x and 
x' of X with (uniquely specified) subgroups L <Gx and L' < Gx' respectively, lifting 
L, the points x and x' will differ by some k € K, with x' = kx; so L' = kLk~^. This 
conjugation by k induces an isomorphism between A{G/L) and A{G/kLk~^) — 
A{G/L') which does not depend on the choice of k by Lemma 15.51 So we can 
consider this to be a canonical identification. Thus we have A{G/L) = A{G/ L') in 
this case, and any Bredon cohomology will treat these the same. 

We conclude that many of the necessary identifications for an orbifold invariant 
are already present in any coefficient system. It is possible, however, to have two 
non-conjugate isotropy subgroups L and L' which project to the same subgroup of 
G/K] thus we do need to place a restriction on our diagrams. 

We will say that a subgroup L < G is in the isotropy lineage of X if it is a 
subgroup of an isotropy group Gx for some point a; G X, or equivalently, if X^ ^ 0. 

Definition 5.6. We say that a diagram A is an orbifold coefficient system if it 
satisfies the following: If if is a normal subgroup of G acting freely on X, then 
for any subgroups L and L' in the isotropy lineage of X with LK/K = L'K/K 
in G/K, we have MG/L) = A{G/L')\ similarly, any two structure maps of hOc 
between isotropy lineage subgroups which project to the same structure map in 
hOQ /K must be identical in the coefficient system. 

This identifies which diagrams have a chance to define an orbifold Bredon coho- 
mology. The condition only becomes a real restriction when there arc non-conjugate 
subgroups in the isotropy lineage with the same projection. 
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We will now show that our definition of orbifold Bredon coliomology is indepen- 
dent of the translation groupoid representation used. Thus, for any two transla- 
tion groupoids with a changc-of-groups essential equivalence between them, we will 
identify which coefficient system on the one orbit category corresponds to a given 
orbifold coefficient system on the other. 

In fact, Moerdijk and Svensson [16] have considered the issue of change-of-groups 
maps for Bredon cohomology as a special case of a more general study of changing 
the underlying diagram shape in diagram cohomology. If (/): G — > X is any group 
homomorphism, then (j) induces a map hOa hOx defined on objects by G/ H ^ 
K/(f>{H). This in turn induces a map of coefficient systems (f>* : Ab'''^^ — > Ab'*^^ 
defined by pre-composition with (p. (The authors of [16] state their results for 
discrete groups and use the orbit categories Og, but their arguments extend to 
compact Lie groups when one uses the homotopy orbit categories hOc-) We will 
use the following: 

Proposition 5.7 ([16|. Proposition 1.2). //(/>: G — > K is any group homomorphism 
and X is a G-CW complex, then 

H*j,{K x^^G X,A) ^ H*a{X,rA) 

where K Xtj,,G X = K x G/{k,gx) ^ {k(/){g),x). 

The two particular group homomorphisms we are interested in arc those coming 
from the essential equivalence changc-of-group maps of Proposition 13.51 The first 
form is a projection tt : G — > G/K for a normal subgroup K C G which acts 
freely on the space X. In this case, G/K x^g X X/K and 7r*A(G/L) = 
A{{G/K)/{L/K n L)) ^ A{{G/K)I{LK/K)). 

The second form is the inclusion i : H ^ G for any subgroup H <Z G, where 
G Xi H X ~ G Xh X is the usual space induced by the extension of groups. In 
this case, i*A{H/L) = A{G/L); thus, i* just restricts the diagram to the subgroups 
contained in H . 

Motivated by these observations and Corollary [521 we make the following defi- 
nition. 

Definition 5.8. Suppose we have an orbifold X represented by a translation 
groupoid Q ~ G x X. We define an equivalence relation on orbifold coefficient 
systems, denoted orbifold equivalence, generated by the following. 

• li K is a. normal subgroup of G which acts freely on X, an orbifold system 
A on HOg/k is equivalent to tt*A on hOG where 

n*A{G/H) = A{{G/K)/iHK/K)). 

• If iJ C G is any subgroup, then an orbifold system A on hOG is equivalent 
to i*A on HOh where 

i*A{H/L)^A{G/L). 

• Two orbifold coefficient systems A and _B on hOc are equivalent if 

rxA = rxB. 

If [-A] is an equivalence class of orbifold coefficient systems represented by A on 
hOc, then the Bredon cohomology H'^riX, [A]) is defined by Hq^{X,^. 
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Note that for any orbifold coefficient system the induced systems ix* A and 
i* A are again orbifold coefficient systems. 

It is clear from the definition of the equivalence relation that for any essential 
equivalence G x X L x F, and any orbifold coefficient system on /iOl, there is 
an equivalent system on IiOq. The following lemmas give us the other direction, 
namely that for any orbifold coefficient system on hOc there is an equivalent system 
on hOL- 

Lemma 5.9. Suppose we have an orbifold X represented by a translation groupoid 
H = H tK X , and let A be an orbifold coefficient system on hOu- For any larger 
group G containing H as subgroup, there is an orbifold coefficient system B_ for the 
G-space G Xh X on hOc such that i*B_ is equivalent to A. 

Proof. Let i: H ^ G be the inclusion of groups. Define the coefficient system 
B_:= i^, (A) on hOc in the following way. Let L be a subgroup of G. If i is not in the 
isotropy lineage of G, we define B_{G/L) = 0. If on the other hand, (G Xh X)^ ^ 0, 
let [g, x] be a point in this fixed point set. In that case g~^Lg is a subgroup of H, 
since it keeps the point [e,x] fixed. So we define B_{H/L) := A{G/{g~^Lg)). It is 
not hard to see that B_ defined this way is an orbifold coefficient system when A is 
and that rxi*B_ = rxA. □ 

Lemma 5.10. Suppose we have an orbifold X represented by a translation groupoid 
Q = G X X , and that K is a normal subgroup of G which acts freely on X . For 
every orbifold coefficient system A on hOc there is an orbifold coefficient system 
B_ on hOQ/x such that tt*B_ is equivalent to A. 

Proof. Given the system A on hOc, define the system _B := tt^,{A) on hOQ/x as 
follows. Given a subgroup L of G/K, if L is not in the isotropy lineage of X/K, 
then define B_{{G / K) / L) = 0. Otherwise, choose a point xj^ £ (X/K)^ and a point 
xj^ G X such that tt{x-^) = x-^. Let i' C G be the unique subgroup of the isotropy 
group oix-j^ such that L'K/K = L. Define B{{G/K)/L) = MG/V). Note that the 
choice of L' may depend on the choice of 3;, and up to conjugacy with an element 
in K on the choice of xj^, but the value oi B_{{G / K) / L) docs not, because A is an 
orbifold coefficient system. 

Now we need to define structure maps for the coefficient system B for the non- 
trivial portion of the diagram. If we have two subgroups Li C L2 in the isotropy 
lineage of X/K, we know that L'2 has some subgroup L" which projects to Li; and 
then B_{{G / K) / Li) = A{G/L'-[), since this value does not depend on which lift is 
chosen. Then we can define the structure map associated to the projection map 
{G/K)/(Li) {G/K)/(L2) to be the structure map ^(G/La) -> A{G/L'(). 

For any left multiplication map {G/K)/L — !> {G/K)/{g{L)g^^) in hOc/K, we 
need to define a morphism B{{G/K)/{g(L)g-^)) B{{G/K)/L). Note that L is 
in the isotropy lineage of X/K if and only if 'g{L)'g^^ is. When both arc in the 
isotropy lineage, let L' be the chosen lift of L, and L" the chosen lift oi'gL'g~^ . We 
need a morphism 

(3) A{G/L") = B{{G/K)/{g(L)9-')) ^ B{{G/K)/(L)) = A{G/L'). 

Now if we pick any pre-image g of 5, then gL'g~^ also projects to 'gL'g^^ in G/K\ 
so A{G/{gL'g~^y) = A{G/L"), since A is an orbifold coefficient system. So the 
structure map in (jSj is defined as the structure map induced by left multiplication 
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with g in the orbit category, 

(4) A{G/L") ^ A{gL'g-') ^ A{G/L'). 

Note that this map docs not depend on the choice of g such that gK = g, since struc- 
ture maps related to muhiphcation with elements of k correspond to the canonical 
identifications of the groups in the diagram. 

Thus, we have defined a coefficient system B_ on HOq/k- We complete this 
proof by showing that rxT^*B_ = rxA. For an isotropy group H < G, we have 
TT*B{G/H) = B{{G/K)/{HK/K)) = A{G/{HK)'), where {HK)'K/K = HK/K 
and [HK)' is an isotropy group. Since A is an orbifold coefficient system, this 
implies that A{G/{HKy) = A{G/H), so n*B{G/H) = A{G/H). □ 

Note that \i G ~ H (B K , there are two canonical ways to obtain an equivalent 
system of coefficients on hOc from one on hOH- using for i : H ^ G or using tt* 
for TT : G ^ G/K ~ H. The result is the same either way, since LK/K ~ L/LOK, 
and L = (L n H){L n K) so L/{L n isT) = (L n H){L n K)/{L D K) L n H/{L n 
Kr\H) = LDH. 

Proposition 5.11. For any orbifold system of coefficients A, Hg^{X, [A]) is well- 
defined; that is, it does not depend on what translation groupoid is used to represent 
X. 

Proof. By Theorem 13.41 and Proposition 13.51 it is sufficient to check that the def- 
inition is invariant under the two forms of change-of-group essential equivalences 
(H)) and (HI). Let ip: G i< X H n Y he such an essential equivalence. By the 
definition of our equivalence relation and Lemmas 15.91 and I5.f 0[ for any coefficient 
system A on HOg there is a coefficient system B on HOh which is equivalent to A, 
and conversely, for any coefficient system B_ on HOh there is an equivalent system 
A on HOg- So it is sufficient to check that any of the pairs of systems that generate 
the equivalence relation give isomorphic cohomology groups. 

Both of the first two cases of the equivalence relation follow directly from Propo- 
sition [5T71 The third case follows from Corollarv 15.21 □ 

Thus we have a way of defining orbifold Bredon cohomology under mild restric- 
tions on the coefficient systems. These restrictions arc needed because in some sense 
we have taken the limit of the Bredon cohomologies for all the different equivarant 
representations of a given orbifold. If one would like to take all coefficient systems 
for all representations of the orbifold into account, one would need to consider a 
kind of colimit construction. We plan to address these issues in more detail in a 
future paper. 

Example 5.12. An example of a coefficient system which satisfies the conditions 
necessary to give rise to an orbifold cohomology theory is Rjj defined by the rep- 
resentation rings: such a coefficient diagram is defined by Rg^^I^) ~ ^i^) on 
HOg- The structure maps of this diagram are induced by the conjugate G-action 
on itself: for a map a: G/H — ^ G/{aHa~^), and a representation V aHa~^ , we 
simply prc-composc with the conjugation to get a representation of H. Similarly, 
for a projection G/H — > G/H' for H C H' and a representation W of H', we can 
restrict to an action of H via the inclusion. Rq is clearly an orbifold system of 
coefficients, since the value at G/H only depends on H. 
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Moreover, up to isomorphism of cohomology groups, it doesn't matter which 
translation groupoid we start with to represent our orbifold, as shown by the fol- 
lowing proposition. 

Proposition 5.13. Suppose X is an orbifold. Then if X is represented by two 
different translation groupoids GkX and HtKY , then the orbifold coefficient systems 
Rq and Rfj are orbifold equivalent and give rise to isomorphic Bredon cohomology 
groups. 

Proof. By Theorem 13.41 Proposition 13.51 and Proposition 15.111 it is sufficient to 
check for any change-of-group essential equivalences of the forms ([T|) and ([2|) , that 
the representation coefficient system on the domain is orbifold equivalent to the 
representation coefficient system on the codomain. 

Let i: H ^ G induce the essential equivalence H k X —i' G k [G Xh X). Then 
i*RQ gives a diagram on hOn by restricting to the subgroups K contained in H, 
and similarly restricting to those structure maps induced by the action of H; that 
is, the restriction is exactly i*RQ = Rfj. 

Let K C G act freely on X, inducing the essential equivalence G k X ^ G/ K k 
X/K . In this case, t^*{Rq/x) "''^ isomorphic to Rq. However, we will now show 
that rxTT*RQ/K = rxEc- 

Because K acts freely on X, we know that if H is an isotropy subgroup of 
X, then H nK ^ {e}. Therefore Tr*RQ/j^{G/H) ^ R(j/k{{G/K)/{HK/K)) = 
R{HK/K) = R{H/K nH)= R{H); so the entries of rxT^*RG/H and rxEc agree. 
We also need to show that the structure maps of these two diagrams agree. 

li H C H' arc two isotropy subgroups of X in G, then the structure map of the 
projection G/H G/H' is deffired by restricting the H' actions of the representa- 
tions in R{H') to H. In tt*Rq the structure map of the projection G/H — > G/H' 
is induced by considering the projection {G/K)/{HK/K) [G / K) / [H' K / K), 
and so comes from restricting the H'K/K action to the subgroup HK/K. But 
again, this is just isomorphic to the inclusion H C H' . So these structure maps are 
the same on the representation rings. 

The diagram Tr*RQ/j^ also has structure maps induced on the representations 
by the conjugation action of G/K on its subgroups. In particular, any conjugation 
action of an element of K is trivial in Rq/j^ and therefore also in the induced 
diagram t^*Rq/k- ^hc other hand, the diagram Rq has potentially more of these 
conjugation actions, coming from the action of the larger group G on its subgroups. 
However, these extra morphisms arc actually trivial: any k £ K which sends a 
subgroup H to itself, acts trivially on H by Lcmma l5.51 and so any such structure 
map on R{H) is already trivial. Similarly, if k takes R{H) to the isomorphic ring 
R{kHk~^), all such elements k G K must give the same isomorphism. Thus all 
morphisms in the conjugation action of G on the isotropy subgroups of X factor 
through G — > G/K, and so the structure maps and thus the diagrams rx'n:* Rq/k 
and rxRc are equal as desired. 

Note that a similar argument can be applied to show that for any inclusion of 
groups i: H ^ G and orbifold groupoid H kY, rcy^^Yi*RH = "i^GxhyMg- And 
similarly, that for any essential equivalence of the form tt: G tK X ^ G/K x X/K, 

rx/KT^*RG = rx/KRc/K- 

So if both GkX and H kY represent the same orbifold, let Rjj be the coefficient 
system on hOo obtained by moving Rj^ along some zig-zag of essential equivalences 
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connecting G k X and H kY . From the argument above we derive that rxRo ^ 
txRh- So Hl„^ (X, Ra) = H*^aa &h) = H;^o„ (Y, Rh)- □ 

This particular Bredon cohomology theory is of interest because these are the 
ground coefficients for equivariant K-theory. K-theory is not itself a Bredon coho- 
mology theory, since its value evaluated at a point is not concentrated in degree 
zero. However, K-theory is related to this particular Bredon cohomology via an 
equivariant Atiyah-Hirzebruch spectral sequence. 

Note that the techniques of this paper do not necessarily guarantee that there is 
a canonical isomorphism between the cohomology groups in Proposition 15 . 13l The 
issue is that it is not clear whether two parallel essential equivalences of orbifold 
groupoids give rise to the same isomorphism, even if they give rise to the same 
maps between the corresponding quotient spaces. (If there is an invertible 2-cell 
between them, this is the case, but for noneffective orbifolds it is not clear whether 
such a 2-cell needs to exist.) 

A possible approach to this question would involve Honkasalo's description of 
these cohomology groups in terms of the sheaf cohomology of the quotient space. 
A complete proof would require a construction of Honkasalo's sheaf S{R) based on 
the isotropy groups alone, without any reference to a representation G tK X of the 
orbifold, together with a canonical isomorphism S{Rq) = S{R) for any such rep- 
resentation. This would require some careful arguments about chosen embeddings 
of atlas charts, and fall outside the scope of the present paper. 

6. Proofs I: Background on Hilsum-Skandalis Maps 

The remainder of this paper consists of the deferred proofs of the results already 
discussed. We begin with supporting material for the proof of Theorem 13.41 

In using Lie groupoids to represent geometric objects like orbifolds, often one 
ignores the bicategory structure and instead considers the category [LieGpd] of 
Lie groupoids with isomorphism classes of homomorphisms, and its corresponding 
category of fractions [LieGpd] [M^^^] with respect to isomorphism classes of essen- 
tial equivalences. The advantage of considering this category rather than its 2- 
categorical refinement is that there is a nice description of the morphisms in terms 
of groupoid bundles. The resulting morphisms arc called Hilsum-Skandalis maps 
[6l[18]. In [H], Moerdijk and Mrcun give a description of the correspondence be- 
tween isomorphism classes of generalized maps and Hilsum-Skandalis maps, which 
we will use in the proof of Theorem 13.41 In this section, we summarize these con- 
structions in order to fix our notation. 

Definition 6.1. A left Q -bundle over a manifold M is a manifold R with smooth 
maps 

■1 

Go 

and a left Q-SLCtion /i on R, with anchor map i? — > Gq, such that p{gx) = pix) 
for any x £ R and any g £ Gi with r{x) ~ s{g). 
Such a bundle R is principal if 

(1) p is a surjective submersion, and 
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(2) the map (7ri,/i): R XGq Gi -> R Xm R, sending {x,g) to {x,gx), is a 
diffeomorphisni. 

A Hilsum-Skandalis map Q ^ Ti is represented by a principal right H-bundlc R 
over Gq 

R^Go 

r 

Ho 

which also has a left C/-action (along p), which commutes with the H-action. So we 
have that 

r{gx) = r{x), p{xh) = p{x), and g{xh) = {gx)h, 
for any x E R, g ^ Gi and h d Hi with s{g) = p{x) and t{h) = r{x). Moreover, 
since the "H-bundle is principal, p is a surjective submersion, and the map R Xhq 
Hi Rxgo R is diffcomorphism. We denote this map by {R, p,r) : Q 7i. Two 
principal right "H-bundles with left ^/-action represent the same Hilsum-Skandalis 
map if and only if they are diffeomorphic as TL- and CJ-bundlcs. 

Composition of Hilsum-Skandalis maps is defined by a tensor product construc- 
tion over the middle groupoid. Let {R,p,r): Q ^ K. and {Q,6,q): K. ^ H he two 
Hilsum-Skandalis maps. Then the space 60112 = poiri: Rxj^gQ ^ Kq has a right 
/C-action, defined by {x,y)k = {xk,k~^y), for k G Ki, x G R, and y € Q, with 
9{y) = t[k) = p{x). Denote the orbit space of this action by R ®jc Q- Then we 
define the composition 

(Q, 0, q) o (i?, p, r) = {R®K.Q,P° T^i,q ° '^2)- 

Example 6.2. The left ^-bundle 

Gi — 5~ Go 

4 

Go 

defined by composition of morphisms is principal, and has also a right ^^-action 
with anchor map s (again, by composition). We denote this bundle by U{Q). The 
bundles of the form U {Q) represent identity morphisms in the sense that if (i?, p, r) is 
a Hilsum-Skandalis map U-^g, then C/(H) o (i?, p, r) ^ {R, p, r) = {R, p, r) o U{g). 

Definition 6.3. A Hilsum-Skandalis map (R, p, r) is a Merita equivalence when it 
is both a principal CJ-bundle and a principal H-bundle. 

Wc can translate between Hilsum-Skandalis maps and our homomorphisms of 
Lie groupoids as follows. Let (p: Q ^ 'H be a homomorphism. Then let i?^ = 
(p*U{H) = Go x^^Ho,t Hi. This space has the following smooth functions to Go and 
Ho- 

(5) Go-^i?.^^i?o, 

where tti and 7r2 are the projection maps. Moreover, it is a principal right and 
left t/-bundle with the following actions: 

g{x,h)h' = {t{g),^i{g)hh') 

for X G Go, g e Gi and /i', h G Hi, with s{g) = x and t{h') = s{h). So ^ denotes 
a Hilsum-Skandalis map {Rip, 1^1,30^2): Q — > H. 



20 



D. PRONK AND L. SCULL 



Conversely, a Hilsum-Skandalis map {R, p,r): Q ^ H gives rise to a generalized 
map: 

G^iQ X n) ^R^n 

where 

((5 X H) X i?)o = i?, and {{g X K = Gi x,,,Go,p R Xt.Ho.s Hi, 

with s(g,x,h) = x, t{g, x, h) — gxh~^ , and m{{g' , gxh~^ , h'), {g,x,h)) = {g' g, x, h'h). 
The homomorphisms p an f are defined by 

po{x) = p{x), pi{g,x,h)=g 

and 

fo{x)=r{x), fi{g,x,h) = h. 
These constructions satisfy the following properties. 

Theorem 6.4. [17] The homomorphism f is an essential equivalence if and only if 
{R, p, r) is a Morita equivalence. 

Theorem 6.5. |17j The category of Lie groupoids with Hilsum-Skandalis maps 
forms a category of fractions for the category of Lie groupoids with equivalence 
classes of homomorphisms relative to the essential equivalences. 

7. Proofs II: Proof of Theorem 13.41 

We want to show that the bicategory of orbifold translation groupoids and 
equivariant maps in EqTrGpd(Ty~^) is equivalent to the full sub-bicategory of 
LieGpd(H^~^) on representable orbifold groupoids; so we need to show that we 
can restrict to equivariant maps. 

Let 

(6) GkX^^IC—^HkY 

be a generalized map between translation groupoids. The fact that v is an essential 
equivalence does not imply that /C is a translation groupoid. However, we will show 
that it is isomorphic in LieGpd(VF~^) to a generalized map of the form 

(7) GkX L\kZ H kY , 

where cj is a smooth equivariant essential equivalence and ?/; is a smooth equivari- 
ant map. We will use the Hilsum-Skandalis representation of generalized maps as 
described in the previous section to construct the generalized map in ([7]). 

Proposition 7.1. Let Q = GxX and H = H kY be orbifold translation groupoids. 
Any generalized map 

is isomorphic in the bicategory LieGpd[M^~^] to a generalized map of the form 

— C — ^^^Ti where C is a translation groupoid and both uj and -ip are equi- 
variant maps. Moreover, C may be chosen such that its structure group is G x H 
and the group homomorphisms of uj and tp are the appropriate projections onto G 
and H. 
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Proof. Let and R^p be the principal bundles corresponding to the homomor- 
phisms V and ip respectively, as in ([5]) in Section [6l So 

R,=v*iUg)^KoXxiGxX) 

and its elements can be represented as triples {z,g,x) with z G A"o, g (z G, and 
X € X, such that vo{z) ~ gx. Note that given z and we have that x = g^^VQ{z), 
so 

Ru ^ A'o X G. 

The projection map tti : i?^, — > A'g is a surjective submersion, since it is the pullback 
of the target map t: G x X X, t{g,x) ~ gx, which is a surjective submersion. 
The anchor maps for the bundle structures on = Kq x G are now 

Kq -< R,j s- X, 

where ri,{z,g) = g~^vo{z). The right C/-action and left /C-action are defined by 

k ■ {z,g) ■ {g' ,g'^^g^^vo{z)) = {t{k),TTivi{k)gg'). 

Since v is an essential equivalence, Ri, is also a principal ^-bundle, representing 
a Hilsum-Skandalis map 5 — >■ /C. As such we will denote it by R~^; the space is the 
same, but the actions are reversed. (Recall that a left (resp. right) action can be 
turned into a right (resp. left) action by acting by the inverses of the elements.) 

The principal A^-bundle R^p is defined analogously. We consider the composition 
of the two Hilsum-Skandalis maps represented by R~^ and i?^. The principal 
bundle for the composition is obtained as a quotient of the pullback 

Q = i?;;^ xk„ R^ = G X Kq X H. 

The right /C-action on the projection map Q — > Kq is defined by 

{g, z,h) ■ k ^ (7riui(fc~^)5, s(fc), niipi{k~'^)h), 

for k e Ki with t{k) = z. The quotient of Q by this action is i?^^ (E)]c Rip- This 
space has the following bundle maps into X and Y: 

X Rv ®K Rv 

where 

qv{g, z, h) = g~'^vo{z) and q,p{g, z, h) = h~'^ipa{z). 
These maps are well-defined on equivalence classes, since 

qv{-n:iviik^^)g,s{k),ni(p];^{k^^)h) = [TTiVi{k^^)g]~^vo{s{k)) 

= g-\iv,{k-')-'voisik)) 

= g-\,{v,{k))vo{s{k)) 

= g-^vo{t{k)) 

= qv{9,z,h). 

The left CJ-action and right H-action on this space are defined by 

{g\g-'vo{z)){g,z,h){h',h'-'h-'Mz)) = {gg'-\ z,hh')- 
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We now translate this back to homomorphisms of Lie groupoids, and construct 
the span of homomorphisms corresponding to this bundle, as in [14] : 

g ^ g K (R^ (g)ic R^) xH- 



The space of objects in this middle groupoid is 

(g X {Rv ®/c ^ '^)o = Rv ®/c 
and the space of arrows is 

{g^{Rv®KRv)yi'H)i = {GxX)xxiRv®KRv)^Y{HxY) 9iGx{R^(g,^R^)xH. 

Sog X ®k; i?^) X H = G X (x)jc R^) X H =^ {G X H) X {R„ ®k: R^)- The 
source map is defined by projection, and the target map is defined by the (left) 
action oi G x H, t{g', h', [g, z, h]) — [gg'^^, z, hh'^^]. 
The homomorphisms 



(8) 

are defined by 



-(G X H)x {R^ ®ic R^)- 



^o[9,z,h] = qv{g,z,h) ^ g ^Vo{z), ui{g' , h' ,[g, z,h]) ^ {g' , g ^Vo{z)) 



and 



iJo[g,z,h] = q^{g,z,h) ^ h Vo(^), i^iig' , h' ,[g, z,h]) {h' , h Vo(^))- 

Finally, we construct a 2-cell in the bicategory of fractions from the generalized 
map in ([6]) to the one in (jS]). To this end, define a homomorphism 



9: K.-)- {G X H) X {R^ (g)^. R^) 



by 



6*0(2;) = [ecz^eu] and 6i{k) = (7riUi(fc), 7ri(y3i(A:), [ec, s(fc), e/f ]). 
We claim that the following diagram of groupoids and homomorphisms commutes: 

(9) ^/C, 



Gx X 



H xY 



Indeed, 



Wo O di3{z) 

LJi o 6i{k) 



{GxH)x {R^ ®k: R^) 



= Wo[eG,z,eH] 

= ^'o(z), 

= wi(7riwi(fc),7ri((5i(fc), [eG,s{k),eH]) 

= (7riUi(fc),i;o(s(fc))) 

= wi(fc). 
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and 

il^io0i{k) = ■i/'i(7riWi(fc),7ri(^i(A:), [eG,s(fc),e_H]) 
= {TTi(pi{k),ipo{s{k))) 
= fiik)- 

We conclude the proof by remarking that the diagram represents an (invertible) 
2-cell in LieGpd(Wi)(G K K y). □ 

The previous proposition imphes that for any two orbifold translation groupoids 
G t< X and H x Y, the inclusion of categories 

EqTrGpd(W^-i)(G KX,Ht<Y)^ L\eGpd{W-^){G kX,HkY) 

is essentially surjective on objects, i.e., on morphisms G t< X ^ H kY. It remains 
to be shown in the proof of Theorem 13.41 that the inclusion functor 

EqTrGpd(W"~^)(G tK X,H kY) ^ LieGpd(iy"^)(G tK X,H kY) 

is fully faithful on arrows, i.e., on 2-cells between morphisms G x X ^ H k Y . 

Proposition 7.2. Any 2-cell 

[M,e, 0', ai, as] : w),KkZ, (ip, /)) ^ {{v' , w'), K' x Z' , , /')) 

for orbifold groupoids is equivalent to a 2-cell of the form [{K xK') \kQ, k, k' ,a[, a^, 
where k and k' are equivariant essential equivalences. 

Proof. Since 9 is an essential equivalence, the span K x Z -(-^ A4 K' x Z' 
represents a generalized map from K t< Z to K' « Z' . We will again use the corre- 
spondence with the Hilsum-Skandalis maps to find a span of equivariant essential 
equivalences which are part of an equivalent 2-cell. As in the proof of Proposition 
17.11 we find that Rg^ ®m Re' = {K x Mq x K')/ where the action of M is 
defined by 

{k,x,k') ■ m ^ {Triei{m-^)k,s{m),Trie[{m'^)k'), 
for m € Ml with t{m) ~ x E Mq. The bundle maps into Z and Z', 

Z Rg ^ <E>ic Re' ^ Z' , 

are defined by 

qe{k, X, k') = k~^6o{x) and qei (fc, x, k') = k'~^6Q{x). 

The corresponding span of equivariant homomorphisms from an intermediate trans- 
lation groupoid into K x Z and K' x Z' is given by 

K X Z^^{K X K') X {R-^ ®M Re')^^K' x Z' 

defined by 

Ko[k,x,k'] = qe{k,x,k') = fc"^6'o(x), [k,x,k']) = {e,k^'^eo{x)) 

and 

Kq[A:, X, k'] = qe' [k, x, k') — k'^^9'Q{x), K[{i, £' ,[k, x, k']) — {i' , k'^^9Q{x)). 
So let Q — Rg^ iS^M Re'. 
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Note that the natural transformations ai and a2 are given by smooth functions 
ai : Mq — > G X X and a2 ■ ^io ^ H x Y. We wiU denote the components of these 
functions by ai{x) = {af (x) , a-^ (x)) and a2{x) = (x) , (x)) . We define the 
new transformations 

a\: {Rg^ ®M Re') G x X, a'^: {Rg^ (^m Re') H x Y 

by 

a[[k,x,k'] = {v'ik')-^af{x)vik),v{k)-^wieo{x))), 

and 

a',[k,x,k'] = {^'{k')-'a^{x)v{k),m-'f{Oo{x))). 

The fact that a[ and 02 are weh-defined on equivalence classes follows from the 
fact that ai and 02 satisfy the naturality condition, as the following calculation 
shows, 

a'i{TTi6(m~^)k, s(m), tti6' (ni^^)k') = 

= {v {nie\m-'^)k')-^af {s{m))v{Tri0{m-^)k),v{ni0{m~'^)k)~'^w{0ois{m)))) 

= {v\k')-^v\TTid[{m))af{s{m))v{TTi9{Tn-^))v{k),v{k)-^v{TTi9i{m))w{9o{s{m)))) 

= {v' {k')-^af {t{m))v{k),v{k)~^w{9o{t{m)))) 

= {v'{kT'af{x)v{k),v{k)-^w{9o{x))) 

= ai{k,x,k'). 

The fact that a'l and a2 satisfy the naturality condition can be checked by a 
straightforward calculation. Also, 

s o a'l [k, X, k'] = ij{k)^^ ■ w{9o{x)) ~ w{ko{x)), 

and 

toa[[k,x,k'] = v'{k')-^af{x)v{k){v{k)-^w{eQ{x))) 
= v'{k')-^afix)wi9o{x)) 
= v'{kr'w'{9',{x)) 
= w'{k'-^9',{x)) 
= w'k'q{x), 

so a'l represents a natural transformation from {v,w) o k to (v',w') o k' . The 
calculation for goes similarly. □ 

Remark 7.3. We have only shown that the inclusion functor EqTrGpd(VF~^) ^ 
LieGpdjr(W^~-'^) is a (weak) equivalence of bicatcgorics, and this is sufficient for our 
purposes. However, the method of the proof can also be used to construct a ho- 
momorphism of bicategories $: L\eGpdj^{W^^) EqTrGpd(M^~^) in the opposite 
direction. On objects, $ is the identity, and it sends a generalized morphism 

G K X IC—^ H X Y 

to 

G^X ^ {GxH)x ®K R^) — HxY, 
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as constructed above. For a 2-cell 
(10) 



G K X aii}. C a2i^ H kY 



K' 



consider the induced 2-cell 

(11) (G X i/) K (i?ji ®K Rv) 




G tX X ai4 



where and 9' are the morphisms as described in ([9|). Then $ sends pO)) to the 
2-cell 



(G X £f) K (i?-i ®K Rv) 



G IK X 




K IX Z 



{■^1^1^'} 




(G X i?) K (i?j/ 0^, i?^,) 

obtained by applying the methods of the proof of Proposition 17. 21 to (fTT|) . 



8. Proofs III: Proofs of Additional Results 

In this section we include proofs of the additional results mentioned throughout 
the paper. We begin with the lemma that the fibre product of two translation 
groupoids is another translation groupoid. 

Proof of Lemma \S.2l The object space of the fibre product groupoid (if it exists) 
is Pq =Y Ki X, so its elements can be represented by triples 

k 

{y,'fo{y) 'iPo{x),x), 

where y ^ Y , k € Ki, and x ^ X. An element of the space of arrows Pi is given 
by a triple 

(y ^—^ hy, ipoiy) ipo{x),x gx) 
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with y^Y,h^H,k^K,xeX and g G G. Such triples are in one-to-one 

correspondence with 5-tuples of the form {h,y,(po{y) ipo{x),x, g). Moreover, in 
this notation, 

k k 

s{h, y, tpoiy) -> ipo{x), X, g) = {y, ipo{y) -> ^po{x), x), 

and 

t{h,y,qo{y) ^ i'oix),x,g) = {hy,ipo{hy) 'f'^'^9,o:}kj^(h,y}] ^^^^^^^^^^^ 

so P is the translation groupoid for the action of G x _ff on Pq = F x^^^ Ki X/f^ X, 
defined by 

{9,h) ■ {y,'PQ{y) A %Ijq{x),x) = {hy,(po{hy) '^^(9,x)hWx(h,y)] ^^(^^^^^^j). 

Also, ^o{y,k,x) = y, £,i{h,y,k,x,g) = {h,y), Co{y,k,x) = x, and Ci{h, y,k,x,g) = 
{g,x), so these maps have the desired format. □ 

Next we prove that all equivariant essential equivalences between translation 
groupoids have the forms specified in Proposition [3?5l 

Proof of Proposition \3.5i Let 

G xX—-^Hx Y 



be an equivariant essential equivalence between translation groupoids. We will 
denote this hy (p x f : G k X H k Y. This map can be factored in the following 
way: 

„ VXf iT^ I \ inclusion 

G X X ^ G/Ker((p) x f{X) ^ H xY 



X 



/ 



inclusion 



Y. 



Since the map ^ k / is surjective on objects and x f \s essentially surjective, 
so is ^ K /. Similarly, the right inclusion map is essentially surjective because if x f 
is. 

We will show that with the notation above, the first map ^ x / is of the form 



H]) Gx X ^ G/K X X/K, 

where X is a normal subgroup of G which acts freely on X , and XjK is the quotient 
of X by this action. The second map is of the form 

^ K X Z ^ H X {H Xk Z), 

where _ftr is a (not necessarily normal) subgroup of H. 
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Consider the diagram 



G X X 

{s.t) 

X X X ■ 



f-xf 



G/Ker(^) x f{X) 
fix) X f{X) 



inclx incl 



xY 

is,t) 

Y xY. 



Wc show that the right hand square is a puUback. Let p: P ^ H x Y and 
q: P ^ f{X) X f{X) be such that {s,t) op ~ (incl x incl) o q. Then there is a map 
r: P ^ G/Kct((p) x f{X) defined as follows: let tt e P, and let p{tt) = (/i7r,2/7r) 
and qin) ~ {y'^,y'^). Then y'^ — and = /ittJ/tt- Choose x and x' in X such 
that f{x) = and /(a;') ~ y" . Since 93 x / is a essential equivalence, there 
is a unique g € G such that = x' and (p(g) = h. We define r(7r) = (g, y^). 
To show that this does not depend on the choice of the pre- images x and x' , let 
z and z' be such that /(z) = and /(z') = y", and let g' G G be the unique 
element such that g'z = z' and ^p{g') = h-^- Since /(z) = f(x) and /(z') = /(x'), 
and iy9 X / is a essential equivalence, there are unique elements a,a' & G such that 
ax = z, a'x' = z' and ^p{a) = er = ^{o-')- Moreover, g'a — a'g, since g'ax = z' 
and a'gx = z', and (p{g'a) ~ h.„ — ip{a'g). So g = g' € G/KcT{ip). It is clear that 
the map r: P ^ G/Kei{(p) x f{X) is the unique map which makes the following 
diagram commute: 



H xY 




■ y X y, 



f{X) X fix) 

so the square is a puUback. Since k / is an essential equivalence, the whole 
rectangle is also a pullbaek, so the left hand square is a puUback. 

We conclude that we have factored fxf into two new essential equivalences. It is 
easy to check that ^xf has the form of a projection GxX — > G/Ker((^) KX/Ker((^). 
So it remains to show that the space Y is homeomorphic to the group extension 
of the G/Ker(iy9)-space f{X) over the inclusion G/Ker(iy9) -> H, that is, that Y ^ 

H ^G/Ker{v) fix)- 

Note that elements of H ><c/Ker(¥3) fi^) a-re represented by pairs (h, f{x)) with 
h E H and x £ X, and (hiplg), f{x)) ^ {h,tp{'g)f{x)). There is a morphism 
H XG/Ker(ip) fi^) Y, defined by {h,f{x)) i->- hf{x). This map is a surjective 
submersion since ip x f is essentially surjective. It is also injective: if hf{x) = 
h'f{x'), then h'~^hf{x) = fix'), so there is an element g € G such that gx ~ x' 
and tp{g) = h'^^h, so h ^ h'Lp{g). So H Xc/Ker(ip) fi^) — Y, as desired. 

We conclude that all essential equivalences can be obtained as composites of 
essential equivalences of the forms ([1]) and ([2]) . □ 



Finally, we include the proof of the 2-for-3 Lemma mentioned in Section [51 
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Lemma 8.1. The class of essential equivalences between Lie groupoids satisfies the 

2-for-3 property, i.e., if we have homomorphisms Q ^ IC ^ TL such that two out of 
{ip,ip, if o ijj} are essential equivalences, then so is the third. 

Proof. Consider the following diagram 



Hi 



Go X Go 



(A) {s,t) 



ipoXipo 



Ka X Kq 



{s,t) 



Ho X Ho- 



lt is a standard property of fibre products that if any two out of (A), (B), and the 
whole square are fibre products, so is the third. So if any two out of {(p, ip,ip o ip} 
are fully faithful, then so is the third. 

It is straightforward to show that if ip and ip £^re essentially surjective, so is 
the composite ip o ip. It is also straightforward to show that if ■0 o is essentially 
surjective, then ij} is essentially surjective. 

Lastly, suppose that ip and ip o ip are essential equivalences. We claim that 
this implies that ip is essentially surjective (and therefore an essential equivalence). 
Since Ip is fully faithful, we have that Ki = XHq.s Hi ^t.Ho Kq, and therefore 
Go x^g,Ko.s Ki ^ Go Xko Kq Xho Hi Kq = Go x^^ Hi Kq. So consider 
the following commutative diagram. 



Go Ki — : 

I 

Go XHo Hi X Ho Kq 



Ki 




Ko 



pb 



Go xjffj Hi 



Go 



TT2 

pb 



Hi 



Ho 



Ho 



The composite to 1:2'. Go x Hq Hi Ho is a surjective submersion, because poip is 
essentially surjective. So, tts : Go X/f„ Hi Ko Ko is a surjective submersion, 
since it is a pullback of one, and this makes t o 7^2'. .Go Ki — > Ko a surjective 
submersion. We conclude that in this case ip is also essentially surjective. □ 
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